Abstract. We prove the following theorem. Let G be a finite group generated by unitary reflections in a complex Hermitian space V = C ℓ and let G ′ be any reflection subgroup of G.
Background and notation
Much of the background material in this section may be found in [6, Ch. 9] . Let G be a finite group generated by (pseudo)reflections in a complex vector space V of dimension ℓ > 0. It is well known that if S denotes the coordinate ring of V (identified with the symmetric algebra S(V * ) on the dual V * ) then G acts contragrediently on V * , and hence on S, and the ring S G of polynomial invariants of G on S is free; if F 1 , F 2 , . . . , F ℓ is a set of homogeneous free generators of S G , then the degrees d i = deg F i (i = 1, . . . , ℓ) are determined by G, and are called the invariant degrees of G.
If F is the ideal of S generated by the elements of S G which vanish at 0 ∈ V , then S/F := S G realises the regular representation of G. The space S G is called the coinvariant algebra of (G, V ). Since the ideal F is graded, S G is clearly graded, and for each i, the graded component (S G ) i of degree i is a G module. By a classical result of Chevalley [6, Cor 3.31, p. 52], taking products of polynomials defines an isomorphism of CG-modules
where the W i are finite dimensional, we write
for its Poincaré series. If dim(W ) < ∞ then Poin W (t) is a polynomial. For properties of these series see [6, Ch. 4 ].
1.1. The space of harmonic polynomials. If C is any graded G-stable complement of F in S, then evidently C ∼ = S G as graded G-module. The space of G-harmonic polynomials is a canonical such complement, which we now describe. Let A := A G be the set of reflecting hyperplanes of G and for each hyperplane H ∈ A, let L H ∈ S be a linear form such that H = ker(L H ) and let e H := |G H |, where G H is the (cyclic) group of reflections in H. Define
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Then [6, Lemma 9.9] asserts that Π is skew, that is, for g ∈ G, gΠ = det V (g)Π, and further if A ∈ S is any skew polynomial, then
Now let S(V ) be the symmetric algebra on V . For v ∈ V , we have the derivation D v of S defined by
It is explained in [6, §9.5] how the map v → D v extends to an algebra homomorphism from S(V ) to the algebra of differential operators on S. Thus for a ∈ S(V ) we have D a : S → S; for homogeneous a, this operator has degree − deg(a). The properties of this algebra of operators are summarised in the next statement, whose proof may be found in [6, Ch. 9].
This pairing is non-degenerate in both variables.
(iii) The pairing in (ii) is respected by the action of GL(V ); i.e., for a ∈ S(V ), The main facts concerning the space H which we shall require are summarised in the next statement. Theorem 1.7. Maintain the above notation.
(i) We have P ∈ H if and only if D a (P ) = 0 for all a ∈ S(V ) G . That is, H is the space of functions which are annihilated by the invariant differential operators.
(ii) The space H coincides with {D a (Π) | a ∈ S(V )}, where Π is as defined in (1.3) . (iii) The space H is a G-stable complement of F in S(V * ). In particular, we have the
Reflection subgroups-the main theorem.
A reflection subgroup of the reflection group G in V is a subgroup of G which is generated by some of the reflections in G. For background concerning such groups see [4, 8] . They include the parabolic subgroups of G [7, 5] , but many other subgroups as well. Let G ′ be such a subgroup and write H ′ = H(G ′ ) for its space of harmonic polynomials F ′ = F (G ′ ), and so on. For any G-module M , write M G ′ for its subspace of G ′ -fixed elements. Our objective is to prove the following theorem.
Theorem 2.1. Let G be a finite group generated by unitary reflections in a complex Hermitian space V = C ℓ and let G ′ be any reflection subgroup of G. Let H(G) be the space of G-harmonic polynomials on V . There is a degree preserving isomorphism ξ :
Proof. We begin with the observation that using (1.1) applied to the reflection group G ′ acting on V , we have the linear isomorphism
given by multiplying the polynomials in the tensor factors. Next, applying (1.8), we have the G equivariant decomposition
Since both summands on the right side of (2.3) are stable under G and hence a fortiori under G ′ , it follows that we have a graded linear isomorphism
Substituting (2.4) into (2.2) we obtain a linear isomorphism
Now evidently the summand H ′ ⊗ F
G ′ is mapped in the multiplication isomorphism (2.5) to a subspace of F , since F is an ideal of S. It follows by restricting the map in (2.5) to the summand H ′ ⊗ H G ′ that we have a surjective degree preserving linear map
But since H realises the regular representation of G, we have dim(H
so that the dimension of the left side of (2.6) is |G| = dim(S G )(= dim(H)). It follows that ξ is a graded isomorphism, and since S/F ∼ = S G ∼ = H as graded G-modules, it follows that ξ is a graded linear isomorphism.
It remains only to observe that all homomorphisms above evidently respect the action of N , and the proof is complete.
Remark 2.7. One of the key ingredients of the proof is (1.1), which asserts that S is free as module over S G . Notice that taking G ′ -invariants in (1.1) yields further that S G ′ is free over S G . This was first noticed by Dyer [3] .
Remark 2.8. The special case of Theorem 2.1 where G is a finite Coxeter group and G ′ is a parabolic subgroup was treated in [2, Thm. 2.1], where the author acknowledges input from M. Dyer, who pointed out that the result is connected to the discussion of the cohomology of the flag variety in [1] . We believe that our proof is significantly simpler and our result is more general than that in op. cit..
Complements
3.1. Poincaré polynomials. Since Poincaré polynomials are multiplicative on tensor products, the following statement is clear. In the statement we use the convention that for any unitary reflection group G, Poin G (t) := Poin S/F (t) = Poin H(G) (t). 
We can be a little more explicit about the second factor in the right side above. Recall that for any finite dimensional CG-module M , the fake degree
where (H i , M ) G is the intertwining number of M with the degree i graded component
Denote by Irr(G) the set of equivalence classes of irreducible CG-modules. For M ∈ Irr(G) define integers m(M ) ≥ 0 by
where f M (t) is the fake degree of M defined above.
Multiplying this last relation by t i and summing over i and M gives the stated formula.
We give two examples where G ′ is a non-parabolic reflection subgroup. 
